
Homotopy invariance(preliminary version)

Ça�h� 1 f, g : (X, x0) → (Y, y0) and f ' g relative to x0.
⇒ f] = g] : π1(X, x0) → π1(Y, y0).

¤� ÃZ� F (t,s)\�¦ f ü< g ��s�_� homotopy �� ����, G(t,s)=F (α(t),s)��H f ◦ α ü<

g ◦ α ��s�_� homotopy\�¦ ï�r��. ����"f
f]([α]) = [f ◦ α] = [g ◦ α] = g]([α]).

����̧Ça�h� 2 f : (X, x0) → (Y, y0), g : (Y, y0) → (X, x0) and g ◦ f ' 1X relative
to x0 , f ◦ g ' 1Y relative to y0.
⇒ f] = (g])

−1 : π1(X, x0) → π1(Y, y0) is an isomorphism.

¤� ÃZ� g ◦ f ' 1X relative to x0 s�Ù¼�Ð g] ◦ f] = (g ◦ f)] = (idX)] = ids���.

°ú �Ér ~½ÓZO�Ü¼�Ð f] ◦ g] = (f ◦ g)] = (idY )] = ids���.

Ça��+ 1 X is homotopy equivalent to Y (or X has the same homotopy type as
Y ), denoted by X ' Y ,
if ∃f : X → Y and g : Y → X such that f ◦ g ' 1Y and g ◦ f ' 1X .
In this case f is called a homotopy equivalence.

Example. R2 \ {0} ' S1.

R2 \ {0}\�¦ X, S1\�¦ Y���¦ ���.
f(x) = x

|x| , g = inclusion Ü¼�Ð ÅÒ��� f ◦ g = 1Y ��� ��Ér	כ ��"î
���.
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¢̧ô�Ç F (x, t) = (1− t)x + t x
|x| s����¦ ¿º���

F (x, 0) = x F (x, 1) = x
|x| = f(x)

����"f g ◦ f ' idX s��¦ X��H Yü< same homotopy type�̀¦ °ú���H��.

�ä́V� 1.
1. Rn \ {0} ' Sn−1.
2. ' is an equivalence relation.
3. Möbius band ü< annulus��H homotopy type s� °ú �Ér��?
4. T 2 \ {point} ' figure eight.
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